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REELING & WRITHING & CATEGORIFICATION
JACK MORAVA AND DALE ROLFSEN
Abstract. We suggest interpreting a certain braided monoidal topo-
logical category C of finite subsets of C as analogous to a (hypothetical)
category of modules over the punctured F1-disk, with the classical Bu-
rau representation of the planar mapping-class groups as a monoidal
functor to the symmetric monoidal category of Z[q, q−1] - modules. The
writhe of a mapping class or braid, or more generally of a framed ori-
ented tangle, can then be interpreted as a kind of topological charge,
defining a monoidal subcategory with morphisms of writhe zero, under-
lying Hopkins and Mahowald’s interpretation of the integral Eilenberg
- Mac Lane spectrum HZ as a Thom spectrum.
§I Introduction: some history and some analogies1
1.1 About forty years ago Fred Cohen reformulated Mahowald’s construc-
tion of the mod two Eilenberg - Mac Lane spectrum HZ2, i.e. as the Thom
spectrum associated to the composition
BBn → BΣn → BGln(R) ,
in geometric terms as a cobordism theory of manifolds (M, a) with a flat
‘braid connection’ on its stable normal bundle: a lift
B∞

pi1(M)
hBa
99
ha // Gl∞(R)
of the holonomy homomorphism of the connection to the stable braid group
[15, 18, 38 Cor 4.5]. Using the technology of group completions, this defines
a lift
ΩB(B∞) ≃ Ω
2S3
Ω2S2η

M
88
// BGl∞(R)
(where [η : S1 → BGl∞(R)] generates pi1(BO) ∼= Z2). We might think of
such a structure as a generalization of the classical notion of a connection,
Date: 8 July 2019.
1We use some technical terms (e.g.Bn, F1, ≃ . . . ) freely in this introduction, but try
to provide formal definitions and references in the text below.
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not in terms of the path of a test particle but rather in terms of a fleet of
such things, whose essential property is that they remain distinct. Our hope
in this paper is to make this image more concrete.
Mahowald’s theorem was soon extended to describe the Eilenberg - Mac
Lane spectrum HZ for the integers [[19]; see also [10 §8] for a more mod-
ern account] but the underlying geometry remained somewhat mysterious
for two decades, until Hopkins [39] defined what might be regarded as a
generalized braid connection
Ω2S3〈3〉
α˜(h)

X
;;
// BSl1(S
0)
for an oriented Poincare´ complex X, i.e. a homotopy lift of the classifying
map [1] for the Spivak normal spherical fibration of X, to what is essentially
[5 §4] the group completion
ΩB(
∐
n≥0
BSBn)
of the monoid defined by ‘special’ braids
1 // SBn := [Bn,Bn] // Bn
w // Babn
∼= Z // 0
with writhe2 w = 0. Here S3〈3〉 denotes the three-connected cover of S3,
known in the physics literature [41] as the group String(1) = SU(2)〈3〉; we
will return to this in §6 below.
1.2 Around this time arithmetic geometers (e.g. [40]), following work of Tits
on algebraic groups, became interested in thinking of finite sets as analogs of
projective modules over a metaphorical field F1 with one element, suggesting
in particular the possibility of something like a commutative diagram
Gln(F1[q, q
−1])

?≃ // Bn

Gln(F1)
?≃ // Σn ,
(cf. [34 §1.2]; here we will be concerned with a localization of their F1[q]),
perhaps reminiscent of the classical isomorphism
Bn ∼= pi0Dn
2This quantity, which goes back to work of Tait and others at the end of the 19th
century, should not be confused with the (R-valued) writhe of a space curve defined in
[28], of interest in the mechanics of physical ribbons such as DNA [25]. The term ‘special’
is suggested by its usage in group theory, i.e. special linear, orthogonal, unitary etc.
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of the braid group with the mapping class group of those compactly sup-
ported diffeomorphisms of the plane which leave invariant a distinguished
subset of n points. A fundamental suspension theorem of algebraic K-theory
asserts that for a large class of rings A,
Ki(A[q, q
−1]) ∼= Ki(A) ⊕Ki−1(A) ,
suggesting that Gl∞(F1[q, q
−1]) might in some sense abelianize to define an
analog of w in K1(F1[q, q
−1]) ∼=? Z.
1.3.1 Motivated by all this, and by early work of Soule´ [48], we define a
topological groupoid C of finite subsets of C as a model for the hypothet-
ical category of F1[q, q
−1] - modules. Section 2 below reviews the braided
monoidal, left-ordered category B of braids, while §3 considers its relation to
spaces of configurations of points in the plane, focussing on the the discrim-
inant of such a collection as a categorification of w. The next section defines
C in terms of compactly supported diffeomorphisms of C, constructing a
functor
pi0 : C→ B
defining a homotopy equivalence of geometric realizations. Unlike B, C lacks
an apparent monoidal structure, but as a remedy we construct, following
Boardman and Vogt, a strictly monoidal subcategory CBV of C such that
the composition
CBV → C→ B
defines a strictly monoidal homotopy equivalence of geometric realizations.
The following §5 argues that (with minor tweaks) the classical Burau con-
struction lifts to a categorification of the system
Bn → Gln(Z[q, q
−1])
of representations as a functor from C to pointed topological spaces, which
restricts on CBV to a functor monoidal with respect to the wedge sum of
spaces. We take this as evidence for an interpretation of the Burau repre-
sentation as analogous to an Archimedean base extension
F1[q, q
−1]→ Z[q, q−1] ;
indeed from this point of view the Burau representation can be regarded
as a topological quantum field theory, remarkable in that it maps a braided
monoidal category to a symmetric one. A hypothetical generator forK1(F1[q, q
−1])
would then map to the determinant w of the Burau representation, making
it a kind of character, i.e. an invertible topological field theory on CBV.
1.3.2 Disclaimer: The authors are friends of F1, but in this paper it will
serve as a source of analogies and motivation. Some basic questions about
F1-modules versus F1-algebras, related to relations between Gln(F1) and
Gln(F1[q]), seem cloudy, so we have not tried to define functors between
F1[q, q
−1]-modules and CBV.
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1.4.1 An Artin braid, in the usual blackboard presentation, is a framed
oriented tangle with oriented endpoints, incoming on the left and outgoing
on the right; its closure is an oriented link3 with w equal to its number
of overcrossings minus undercrossings. Orienting the tangle endpoints with
{±1} ∼= Z2 labels defines a functor
B→ TOF
to a category of framed oriented tangles4, which identifies w with the TQFT
Uq(gl1) defined in skein-theoretic terms by Brundan [14]. Restricting to
braids and tangles of writhe zero then defines a similar functor SB→ STOF.
The diagram
1 // Pn
w

// Bn
w

// Σn
sgn

// 1
0 // 2Z // Z // Z2 // 0
of abelianizations suggests that w provides a natural lift of the Z2-valued
sign, significant in so many geometric contexts involving orientation. Note
that the leftmost map denoted w is the abelianization of Bn restricted to
Pn, and not the abelianization of Pn, the image of which is free abelian of
rank
(
n
2
)
. See Section 3.4 for further details on how the two abelianizations
are related.
1.4.2 This paper is intended as a sequel to [5], which interprets the equiva-
lence
S0[Ω2S3〈3〉] ∧S0 HZ ≃ HZ ∧S0 HZ
as an identification of the suspension spectrum S0[Ω2S3〈3〉] as a Hopf-Galois
object for the homomorphism
1 = [S0 → HZ] ∈ [S0,HZ] ∼= H˜0(S0,Z)
of ring spectra. This deserves some explanation.
In classical algebra, the normal basis theorem asserts that a Galois extension
F ⊂ E, with (finite) Galois group G, satisfies an isomorphism
(
∑
g∈G
fg〈g〉) ⊗ e 7→
∑
g
fgg(e) : F [G]⊗F E ∼= E ⊗F E
of F -vector spaces (where
∑
g∈G fg〈g〉 ∈ F [G] is an element of the group
algebra of G over F ). This group ring is a (generally) noncommutative
Hopf algebra, with commutative dual Hopf algebra
HomF (F [G], F ) = Fns(G,F )
3Note that a Reidemeister move of type I changes the writhe of an oriented link
4Note that TOF has finite sequences of ± or up-down arrows as its set of objects or
endpoints, while the set N of objects of B are oriented by their blackboard embeddings.
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of (trivially continuous) functions from G to F . This can be restated, using
iterated adjoints, as an isomorphism
E ⊗F E ∼= Fns(G,F ) ⊗F E
of F -vector spaces – which behaves a little better for infinite extensions.
Inspired by Waldhausen’s brave new ideas about ring spectra, Rognes [43]
defined morphisms E → F of ring spectra (i.e. of S0, rather than Z-algebras)
to be Hopf-Galois when they satisfy further appropriate conditions. In par-
ticular he argued that the Thom isomorphism for complex vector bundles
makes the complex cobordism spectrum MU, regarded as an algebra ex-
tension S0 → MU of the sphere (or framed cobordism) spectrum, can be
written as an equivalence
MU ∧S0 MU ≃ S
0[BU] ∧S0 MU
of spectra, with S0[BU] analogous to a coalgebra of S0-valued functions on
a Galois-like group. [This notation is modelled on that for group rings in
classical algebra; in topology it would be more traditional to write S0[X] =
Σ∞X+ for the suspension spectrum of an unbased spaceX.] In this example,
BU is a space with Whitney sum as E∞-multiplication, and the usual strictly
commutative diagonal as a coproduct. Similarly, the forgtful map MU →
MSO (from complex to oriented cobordism) can be interpreted as Hopf-
Galois, with the suspension spectrum S0[Spin] of the stable Spin group [3]
as Hopf-Galois object.
In alternate language, a coaction of Ω2S3〈3〉 on an E2 ring-spectrum is de-
scent data for an underlyingHZ-algebra structure. Identifying this loopspace
with the group completion |SC|+ := |SCBV|
+ allows us to think of integral
cohomology as a cobordism theory of Poincare´ spaces with an |SC|+ (or
perhaps F1) connection.
Section 5 ends with some remarks about relations between the Burau rep-
resentation, the image of J , and Borger’s λ-ring comonad as a model for
F1-algebras. A final section suggests an interpretation of |SC|
+ in two-
dimensional physics as a generalized Wess-Zumino-Witten model for the
group String(1).
1.5 Categorical uglification The most convenient language for our con-
structions is probably that of ∞-categories, but the authors are too long in
the tooth for such new tricks. We work in the convenient category kTop of
compactly generated (e.g. metrizable) topological spaces [50], and with topo-
logical categories with morphism objects enriched to carry such topologies.
[These categories are thus Cartesian closed, with the appropriate products;
in particular, their spaces of maps are again compactly generated, and we
have homeomorphisms
MapskTop(X,MapskTop(Y,Z))
∼= MapskTop(X ×kTop Y,Z) .
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However we will supress the subscript kTop below.] Here ∼= denotes home-
omorphism, while ≃ denotes (weak) homotopy equivalence. We interpret
such categories as simplicial objects
X• : X0 ⇐ X1 ⇚ X1 ×X0 X1 · · ·
defined by spaces X0 of objects and X1 of morphisms, with geometric re-
alization |X•| [45]; here X ×Z Y is the fiber product, or equalizer, of two
maps X,Y → Z. A continuous action α : G × X → X of a topological
group G on a topological space X defines a transformation groupoid [X//G]
(in terminology going back to Weyl) with X0 = X and X1 = G × X; the
resulting simplicial space is a kind of bar construction, with the homotopy
or Borel quotient
|[X//G]| = XhG ≃ (EG ×X)/G→ (∗ ×X)/G := X/G
as its geometric realization. Thus |[∗//G]| := BG is a canonical choice
of classifying space for G; note that this construction respects Cartesian
product. An equivariant morphism (ρ, f) from a G-space X to a K-space
Y , defined by a (continuous) homomorphism ρ : G→ K and an equivariant
map f : X → Y , defines a continuous functor from [X//G] to [Y//K] and
thus a continuous map between geometric realizations.
More generally, a topological monoid M , being strictly associative, can also
be regarded as a topological category M = [∗//M ] with one object, with
classifying space BM = |[∗//M ]|. The ‘group completion’ morphism
M → ΩB|[∗//M ]|
(defined by a generalization of the clutching construction for bundles) is
then the best (right-hand) approximation toM by a group-like H-space; for
example the monoid
∐
n≥0Gln(F ) of invertible matrices over a field F , with
block-diagonal sum of matrices as composition, group-completes to space
whose homotopy groups are Quillen’s algebraic K-groups of F .
Finally, note that we follow Frank Adams’ convention of writing H(A,n) for
the classical Eilenberg-Mac Lane spaces K(A,n), and HA for the associated
spectra.
§II The ordered braided monoidal groupoid B
Following Joyal and Street, Artin’s braid groups Bn :=
〈σi, 1 ≤ i ≤ n− 1 | |i− k| > 1⇒ [σi, σk] = 1, σiσi+1σi = σi+1σiσi+1〉
on n ≥ 0 strings (with B0 = {1}, cf. e.g. [35 X.6]) define a free braided
monoidal category [32, 35 XIII.3]
B :=
∐
n≥0
[n//Bn]
REELING & WRITHING & CATEGORIFICATION 7
on one generator, with strictly associative tensor product
⊗ : Bn × Bm → Bn+m
defined by juxtaposition of isotopy classes of braid diagrams.
Dehornoy [22] discovered that braid groups are left-orderable, in the sense
that there is a strict total ordering < of its elements with the property that
h < k implies gh < gk for elements g, h, k. Dehornoy’s ordering < is defined
as follows. A braid is called σ-positive if it has an expression in the Artin
generators such that the σi with lowest index i occurs with only positive
exponent. The key to the ordering is the following nontrivial fact (see [23]).
Proposition: For a braid β ∈ Bn exactly one of the following holds: (1) β
is σ-positive, (2) β−1 is σ-positive, (3) β is the identity element 1n ∈ Bn.
Definition: For braids α, β ∈ Bn declare α < β iff α
−1β is σ−positive.
It is easily checked using the Proposition that this defines a left-ordering of
Bn. This ordering is compatible with the canonical inclusions Bn ⊂ Bn+1.
We remark that it is also a left-ordering of the Garside braid monoid B+n
consisting of all braids expressible as words in the Artin generators with
only positive exponents, and is in fact a well-ordering there.
If α ∈ Bn and β ∈ Bm, their tensor product α⊗β may be expressed in terms
of the Artin generators by taking the product of α with the word expressing
β with n added to all the indices of the generators occurring in β. Since the
resulting words are in subgroups 〈σ1, . . . , σn−1〉 and 〈σn+1, . . . , σm+n−1〉 of
Bn+m, respectively, they commute. If α,α
′ ∈ Bn and β, β
′ ∈ Bm we have
(α⊗ β)(α′ ⊗ β′) = αα′ ⊗ ββ′ and (α⊗ β)−1 = α−1 ⊗ β−1. Moreover, if α is
σ-positive, then so is α⊗ β for arbitrary β ∈ Bm.
Proposition:The lexicographic order on Bn ⊗ Bm coincides with its De-
hornoy order, regarded as a subset of Bn+m. That is, α⊗ β < α
′⊗ β′ if and
only if α < α′ or α = α′ and β < β′. Tensor product of braids is thus a
monotone function.
Proof: α⊗β < α′⊗β′ ⇐⇒ (α⊗β)−1(α′⊗β′) = α−1α′⊗β−1β′ is σ-positive
⇐⇒ α−1α′ is σ-positive or α−1α′ = 1n and β
−1β′ is σ-positive. 
It follows that the braid groups, equipped with this left-ordering, satisfy Mac
Lane’s coherence conditions; thus we might call B a left-ordered braided
monoidal category.
An Artin braid can be regarded as a morphism in a (ribbon or tortile [33, 35
XII.2.13, 46, 51]) category TF of framed tangles; by [36], B is the groupoid
defined by the invertible morphisms of that category.
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§III Planar configuration spaces and the discriminant
3.1 The braid groups have manifold classifying spaces well-known in alge-
braic geometry. The complex regular representation
Σn × C
n ∋ τ × (zi) 7→ (zτ(i)) ∈ C
n
(1 ≤ i ≤ n) of the group Σn of permutations of n things sends the ‘thick
diagonal’∆n ⊂ Cn (consisting of vectors z with a repeated entry, i.e. zi = zk
for some i 6= k) to itself. Alternately, ∆n is the hyperplane arrangement⋃
i 6=k
ker [z 7→ zi − zk ∈ C] ⊂ C
n .
Its complement is therefore a space with free Σn action, and the quotient
(Cn −∆n)/Σn := Config
n(C)
can be interpreted as the space of subsets of C of cardinality n. It will
be convenient to let {z} denote the unordered set {zi} of coordinates of
z = (z1, . . . , zn) ∈ C
n, e.g. if n = (1, . . . , n) then {n} = {1, . . . , n}. Induction
over the Fadell-Neuwirth [26] forgetful fibrations
C− {n points} → Cn −∆n → Cn−1 −∆n−1
implies that pi∗(C
n −∆n) = 0 unless ∗ = 1, and hence that
pi∗(Config
n(C), {n}) ∼= Bn
if ∗ = 1, and is trivial otherwise. Let
Config∗(C) =
∐
n≥0
Confign(C)
(with Config0(C) := {∅}) be the space of finite subsets of C. The universal
cover of Confign(C) is classified by a map to BBn, defining a homotopy
equivalence
Config∗(C)
≃ // |B|
and thus an isomorphism pi1Config
n(C) ∼= Bn.
The fundamental theorem of algebra identifies Confign(C) with the subspace
{p{z}(t) =
∏
1≤i≤n
(t− zi) := t
n +
∑
1≤i≤n
(−1)iei({z})t
n−i | i 6= k ⇒ zi 6= zk}
of monic degree n elements of C[t] without repeated roots; here
Cn ∋ z 7→ (e1({z}), . . . , (en({z})) ∈ C
n/Σn ∼= C
n
are Newton’s elementary symmetric polynomials. Regarding p{z} as a map
of degree n from the Riemann sphere C+ to itself defines an element of a
component of Ω2S2. However, the based loopspace functor Ω takes fibrations
to fibrations, yielding the universal cover
ΩS1 ≃ Z // ΩS3 // ΩS2 // BZ ,
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of ΩS2 when applied to the Hopf fibration. One further application of Ω
then defines an equivalence Ω2S2 ≃ Z×Ω2S3. Work of Boardman and Vogt,
and of Segal, identifies the composition
|B| :=
∐
n≥0BBn
≃ // Config∗(C) // Ω2S2 ≃ Z× Ω2S3
as the group completion |B| → ΩB|B| of a topological monoid.
3.2 The elementary symmetric functions identify Confign(C) with the com-
plement of ∆n/Σn, i.e. with the subset of C
n where the discriminant
∆n(e1, . . . , en) :=
∏
i<k
(zi − zk)
2 = (−1)(
n
2)
∏
i 6=k
(zi − zk) ∈ C
is nonzero. In the language of [37], cf. [16, 17, 20, 24], the restriction
Confign(C)→ C×
of ∆n is a Milnor fibration; its source and target are both acyclic, so it is
determined up to homotopy by the induced homomorphism of fundamental
groups. The braid relations imply that
(σiσi+1)σi(σiσi+1)
−1 = σi+1σiσi+1σ
−1
i+1σ
−1
i = σi+1
and hence that the Artin generators are all conjugate to one another; it
follows that they map to the same element of the abelianization
Bn/[Bn,Bn] := B
ab
n
∼= Z ,
defining a homomorphism
wn : Bn → B
ab
n
∼= Z
which sends a word b ∈ Bn in the σi to the sum w(b) of its exponents. The
braid closure b∗ of b is an oriented link, whose writhe, i.e. its (invariant)
number of overcrossings minus undercrossings, equals wn(b).
Proposition: The homomorphism
∆n∗ : pi1(Config
n(C), {n}) ∼= Bn → pi1(C
×, p) ∼= Z
(induced on fundamental groups by the discriminant) equals the writhe wn.
Remark: We are indebted to Juan Gonzales-Meneses for pointing out early
work of Gorin and Lin [30 Lemma 3.6] on this. They show that ∆n is
a locally trivial fibre map whose fibre is connected and has fundamental
group the commutator subgroup [Bn,Bn]. The homotopy exact sequence of
the fibration then implies that ∆n∗ equals the writhe up to sign. We give a
direct calculation below, which gives explicit conventions for signs.
Proof: Here the positive real basepoint
p = ∆n({n}) = ((n− 1)!(n − 2)! . . . 3!2!)
2 ∈ C×
is the squared superfactorial of n− 1.
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It suffices to show the functions agree on a set of generators of Bn, and since
the Artin generators are all conjugate and the target is abelian, we need only
check that the functions agree on σ1 ∈ Bn. Since w(σ1) = 1 by definition, it
remains to calculate that ∆∗(σ1) = 1 ∈ Z.
With {1, 2, . . . , n} as the basepoint of Confign(C), the braid σ1 may be
represented by a 180o rotation of the points {1, 2} along a circle with diam-
eter [1, 2], while the remaining points {3, . . . , n} do not move. Specifically,
σ1 ∈ Config
nC may be represented by the loop
z1(t) =
1
2(3− e
ipit), z2(t) =
1
2(3 + e
ipit), zk(t) = k, k > 2, 0 ≤ t ≤ 1.
Note that z1(0) = z2(1) = 1, z1(1) = z2(0) = 2.
Let us normalize and define
Γ(z1, . . . , zn) :=
∆(z1, . . . , zn)
|∆(z1, . . . , zn)|
Note that Γ and ∆ differ by a (variable) positive real, so we have
Γ∗ = ∆∗ : pi1Config
nC→ pi1C
×
Basepoints in the target may differ – for Γ∗ the basepoint is 1 ∈ C
× – but
this does not matter since pi1C
× is abelian. It remains to show Γ∗(σ1) = 1.
Noting that if {z1(t), . . . , zn(t)}, 0 ≤ t ≤ 1 is a loop in Config
nC based at
{1, . . . , n} representing β ∈ pi1Config
nC, and using
Γ(z1, . . . , zn) =
∏
i<k
(zk − zi)
2
|zk − zi|2
then Γ(z1(t), . . . , zn(t)) is a loop in C
× based at +1. Moreover, if we define
vi,k(t) :=
(zk(t)− zi(t))
2
|zk(t)− zi(t)|2
whenever i < k
we see that each vi,k(t) is also a loop in C
× based at +1 and that Γ is the
pointwise product of these.
Lemma: Suppose fm : X → C
× are maps from a topological space X to
the nonzero complex numbers, and that x0 ∈ X satisfies fm(x0) = 1 for
all m = 1, . . . ,M . Let f(x) = f1(x) · · · · · fM(x) be the pointwise product
of these complex-valued functions; then f∗ and fm∗ are all homomorphisms
pi1(X,x0)→ pi1(C
×, 1), and for α ∈ pi1(X,x0), we have
f∗(α) = f1∗(α) + · · ·+ fM∗(α) ∈ pi1(C
×, 1) ∼= Z
as additive group. 
We can now calculate Γ∗(σ1) using the loop {z1(t), . . . , zn(t)} described
above representing σ1. First note that
v1,2(t) :=
(z2(t)− z1(t))
2
|z2(t)− z1(t)|2
= e2piit
REELING & WRITHING & CATEGORIFICATION 11
represents a preferred generator of pi1(C
×, 1) ∼= Z. That is, v1,2∗(σ1) = 1.
It remains to show that vi,k∗(σ1) = 0 if {i, k} 6= {1, 2}, for then the lemma
implies Γ∗(σ1) = 1, as was to be shown. The easy case is 2 < i < k ≤ n. Then
vi,k(t) = 1 is constant and therefore vi,k∗(σ1) = 0. Consider the remaining
cases with i ∈ {1, 2}, k > 2. A little trigonometry shows the unit complex
number zk(t)−zi(t)|zk(t)−zi(t)| is restricted to have modulus in the interval
[− arcsin(1/3), arcsin(1/3)],
with arcsin(1/3) ∼ 19.47122... degrees. Therefore vi,k(t), which is the square
of this, has real part always positive. Such a loop, based at 1, is nullhomo-
topic in C×. 
3.3 Corollary: Abelianization defines a monoidal functor
w : B =
∐
n≥0
[n//Bn]→
∐
n≥0
[n//Z]
from a braided monoidal to a symmetric monoidal category. The induced
map of geometric realizations group completes to a map
Z× Ω2S3 → Z× S1 ,
with Ω2S3〈3〉 as fiber.
This restates the main result of [5 §4]; the homology of the Milnor fiber is
calculated in [16] and [20]. If we interpret the domain category in terms of
paths of particles in R3, w can be regarded as a kind of topological quantum
field theory taking values in a category in which every object is invertible
(i.e.n ⊗ −n = 0). In physics such functors are often interpreted as taking
values in S1, as phase factors for (complex) probability amplitudes.
The system
SBn := [Bn,Bn] = kerwn
of groups of ‘special’ braids (i.e. with trivial writhe) defines an ordered (but
no longer braided) monoidal category
SB :=
∐
n≥0
[n//SBn] .
Gorin and Lin show that SBn is perfect for n > 4; if n = 0, 1, 2 these groups
are trivial, while SB3 ∼= F2 is free of rank two (the trefoil complement has
a punctured torus as fiber), while SB4 is a semidirect product of two copies
of F2.
3.4. Abelianization of pure braids
As mentioned earlier, the abelianization of the pure braid group Pn has rank(n
2
)
, while the abelianization of the full braid group has rank one. We will
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see how these relate, using the discriminant. In 1947 Artin showed that Pn
is generated by the pure braids Aik with 1 ≤ i < k ≤ n defined by
Aik = σiσi+1 · · · σk−1σ
2
k(σiσi+1 · · · σk−1)
−1
Standard presentations using these generators involve relations equating Aik
with some conjugate of itself. Upon abelianization these become trivial
relators, and we conclude that the images of the Aik can be taken as a basis
for the abelianization Pabn
∼= Z(
n
2). Considered as homology classes, they are
dual to Arnol’d’s basis
ai,k =
1
2pii
d(zi − zk)
zi − zk
for the de Rham cohomology of the pure braid space.
To relate this to the discriminant, if 1 ≤ i < k ≤ n, let C×ik be a copy of C
×
and define functions
fik(z) = zk − zi ∈ C
×
ik, z = (z1, . . . , zn) ∈ C
n \∆.
We put these together to define f : Cn \∆→
∏
i<k C
×
ik
∼= (C×)(
n
2) by
f(z) =
∏
i<k
fik(z) ∈
∏
i<k
C×ik
This induces a homomorphism of fundamental groups:
f∗ : Pn ∼= pi1(C
n \∆)→ pi1(
∏
i<k
C×ik)
∼= Z(
n
2)
Proposition The abelianization abPn : Pn → Z
(n2) coincides with f∗.
To see this, we need only observe that f∗ sendsAik to the generator of pii(C
×
ik)
and to zero in all the other factors of pi1(
∏
i<k C
×
ik)
∼=
∏
i<k pi1(C
×
ik). 
Now let m :
∏
i<k C
×
ik → C
× denote the multiplication of complex numbers.
From the definition of the discriminant, ∆ = (m ◦ f)2; in other words the
following diagram is commutative.
Cn \∆
f
//

∏
i<k C
×
ik
m // C×
z 7→z2

Confign(C)
∆ // C×
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Applying the pi1 functor, this becomes (with m∗ being addition):
Pn
abPn //

Z(
n
2) m∗ // Z
×2

Bn
abBn // Z
Remark: A monotone surjection γ : m ։ n of finite ordered sets can be
written as a map
m = {i1}+ · · ·+ {in} → {1}+ · · ·+ {n}
of ordered partitions, defining a homomorphism
γ∗ : Pn → Pm
which replaces the kth strand of Pn by ik parallel strands in Pm; this con-
struction is (contravariantly) natural with respect to composition of surjec-
tions. The composition along the top in the diagram
Pn ×
∏
1≤k≤n Pik

γ×⊗
// Pm × P∑ ik=m // Pm

H1(Pn)
⊕
1≤k≤nH1(Pik)
// H1(Pm)
(where ⊗ denotes juxtaposition, and the final map is group composition)
defines a cabling operation making the system {P∗} of pure braid groups into
a (non-symmetric) operad. Abelianization defines a morphism to an operad
{H1(P∗)} in abelian groups; it seems plausible that the homomorphism
γ1∗ : H
1
dR(Pm)→ H
1
dR(Pn)
induced on de Rham cohomology by γ∗ sends Arnol’d’s class ai,k to aγ(i),γ(k).
Exercise: The loop σ1 defined above represents a generator of H1(Bn,Z) ∼=
Z; recall that the homology classes σi are all conjugate. Let θ = (2piiz)
−1dz ∈
Ω1(C×); then
∆∗n(θ) =
1
2pii
∆−1n d∆n ∈ Ω
1(BBn) .
Show that ∫
σ1
∆∗n(θ) =
∑
i 6=k
ai,k = 1
and thus that the isomorphism
∆∗n : H
1
dR(C
×)→ H1dR(BBn)
is dual to w.
14 JACK MORAVA AND DALE ROLFSEN
§IV Plane mapping class groups
This section reformulates some of the preceding constructions in terms of the
isomorphism of braid groups with mapping class groups of marked planes.
We thank Allen Hatcher for reminding (one of) us that classical work [44]
of Smale implies that the topological group D of compactly supported dif-
feomorphisms of the plane is contractible. For our purposes it will be useful
to interpret D as the group of diffeomorphisms of the Riemann sphere C+
which leave fixed a neighborhood of the point at infinity.
4.1 D acts transitively on Confign(C): by the classification of surfaces, there
is a compactly-supported diffeomorphism sending {z} to {z′} whenever the
two sets have the same cardinality, and it acts freely because (by induction)
a diffeomorphism which leaves every {z} of cardinality n fixed, leaves every
point fixed. If we let
C({z}, {z′}) := {φ ∈ D | φ({z}) = {z′} }
(which is empty unless {z} and {z′} have the same cardinality), and let
D({z}) := C({z}, {z}) ⊂ D be the isotropy group of {z} under this action,
then
φ 7→ φ({n}) : D/Dn → Config
n(C)
is a diffeomorphism. We’ll abbreviate D({n}) to Dn and write D0 = D; the
action of D on Config∗(C) then defines a topological groupoid
C := [Config∗(C)//D] ∼=
∐
n≥0
[(D/Dn)//D]
of finite subsets of C, with C({z}, {z′}) as the space of morphisms from {z}
to {z′}.
The group Dn is homotopically discrete [8 §1.3]
pi0(Dn) ∼= pi1(Config
n(C), {n}) ∼= Bn
and its group of components can be identified with a braid group, sending σi
to a Dehn half-twist along the interval [i, i+1]. It follows that the continuous
functor
pi0 :
∐
n≥0[D//Dn] =: D
≃ // B :=
∐
n≥0[∗//Bn]
is a homotopy equivalence of geometric realizations, as is the forgetful func-
tor ∐
n≥0[D//Dn] =: D
≃ // C :=
∐
n≥0[(D/Dn)//D]
(since
D/Dn ≃ EDn ×Dn D→ ED×D D/Dn ≃ ED/Dn
induces an isomorphism of homotopy groups). However, neither D nor C
has an obvious monoidal structure (or a coproduct).
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4.2 The work of Boardman and Vogt [11] on spaces of (hyper)cubes in Rn
suggests this can be remedied by working with a slightly smaller model for
C. Let [0] = ∅, I = [−12 ,+
1
2 ], and define
[n] := [12 , n+
1
2 ]× I ⊂ R
2 = C
when n is a positive integer. Similarly, for m ≥ 0 let
[n](m) := [12 +m,n+m+
1
2 ]× I
be the shift of [n] by m steps to the right; then the collection {[n] | n ∈ N}
of such little rectangles (dominoes?) is a monoid of subsets of C, with
associative compostion
[n] ◦ [m] := [n] ∪ [m](n) = [n+m] ;
for
([p] ◦ [q]) ◦ [r] = [p + q] ◦ [r] = [p+ q + r] = [p] ◦ [q + r] = [p] ◦ ([p] ◦ [q]) .
This is compatible with the ordinal sum composition on the collection {{n}|n ∈
N} of basepoints for our configuration spaces, defined by regarding n as
{n} × 0 ⊂ [n].
Mac Lane’s pentagon condition [32] for a monoidal category holds for this
composition: it asserts that composing these operations in two different
ways defines the same map
(([p] ◦ [q]) ◦ [r]) ◦ [s]→ [p] ◦ (([q] ◦ [r]) ◦ [s]) (= [p+ q + r + s]) .
Let D(n) ⊂ D be the subgroup of diffeomorphisms with support contained
in the interior of the rectangle [n], and let
CBV :=
∐
n≥0
[(D(n)/D(n) ∩ Dn)//D
(n)]→ C
be the continuous functor defined by inclusions. There is then a continuous
composition
◦ : D(n) × D(m) ∋ (φ′, φ) 7→ (φ′, φ(n)) ∈ D(n+m) ,
where φ(n)(z) = φ(n+ z), making CBV into a monoidal topological category
such that the composition
CBV → C→ B
defines a monoidal homotopy equivalence of geometric realizations. By [23]
the groups pi0Dn inherit Dehornoy’s order: a mapping class of the complex
plane fixing {n} is considered positive if the image of the real axis under
a suitable representative first departs from the real axis (going from left to
right) into the lower half plane; this is the opposite convention of that of
[27]).
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§V A categorification of the Burau representation
5.1 The classical (unreduced) Burau representation
βn : Bn → Gln(Λ)
of the system of braid groups is defined on Artin generators by homomor-
phisms
β(σi) :=

 1i−1 0 00 b 0
0 0 1n−1−i

 ∈Mn(Λ) ,
where Λ := Z[q, q−1], 1k ∈Mk(Z) is the k × k identity matrix, and
b :=
[
1− q q
1 0
]
.
It is easily checked that this is well-defined (with Vaughn Jones’ compelling
‘bowling-alley’ interpretation of the generators), and it is clear by inspection
of the commutative diagram
Bn × Bm
⊗

βn×βm// Gln(Λ)×Glm(Λ)
⊕

Bn+m
βn+m
// Gln+m(Λ)
(where ⊕ denotes Whitney or block-diagonal sum of matrices) that the func-
tor
β :
∐
n≥0
[n//Bn]→
∐
n≥0
[n//Gln(Λ)]
is monoidal.
Proposition β lifts to a functor from C to the (symmetric monoidal) cate-
gory of Λ-modules, such that the composition
CBV → C→ (Λ−Mod)
is monoidal.
The proof below is classical, modified slightly because the accessible litera-
ture is sometimes vague about basepoints, which we try to place consistently;
the geometric point of view suggests thinking of the single element of F1 as
the point at infinity.
Remark The vector e = (1, 1) is an eigenvector (b·e = 1·e) for all β(σi), so
the invariant line generated by (1, . . . , 1, . . . , 1) in the regular representation
of Σn is an invariant subspace for Bn as well. This reflects the Hecke identity
β(σi)
2 = (1− q)β(σi) + q · 1
which presents the Burau representation as a deformation of the regular
representation.
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5.2.1 The one-point compactification of C − {z} is homeomorphic to the
space obtained by collapsing the subset {z} ∪ {+} ⊂ C+ to a point; it
will simplify notation to write C{z} for this quotient, and to let {z+} :=
{z1, . . . , zn,+}. Then pi1(C{z},+) ∼= Fn is free, generated by loops γi :
(R+,+)→ (C{z},+) defined by an arc from ∞ to zi, which is a loop since
∞ and zi are identified; thus H1(C{z},Z) is free abelian of rank n, generated
by the Hurewicz images [γi], while
H2(C{z},Z) ∼= H2(C+, {z+};Z)) ∼= Z .
Covering space theory associates to a map (X, ∗) → (Y, ∗) of reasonable
pointed spaces, a canonical lift (X˜, ∗) → (Y˜ , ∗) of universal covers, equi-
variant with respect to the homomorphism pi1(X, ∗) → pi1(Y, ∗) of deck-
transformation groups; so a commutative diagram
pi1(X, ∗)

// pi1(Y, ∗)

G // K
defines a commutative diagram
X˜ ×pi1(X) G
c

// Y˜ ×pi1(Y ) K
c′

X // Y
of covering spaces.
If φ˜ : C{z} → C{z′} is the homeomorphism of one-point compactifications
associated to φ ∈ C({z}, {z′}), then the Hurewicz homomorphism defines a
commutative diagram
pi1(C{z},+)

pi(φ˜)
// pi1(C{z
′},+)

H1(C{z};Z)
tr

H1(φ˜)
// H1(C{z};Z)
tr′

Z
= // Z ;
and because detH1(φ˜,Z)) = 1, the trace homomorphisms in the bottom
square send
∑
ai[γi] to
∑
ai ∈ Z. This defines a lift
(B{z}, ∗)
c

B(φ)
// (B{z}, ∗)
c′

(C{z},+)
φ˜
// (C{z′},+)
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of φ to certain infinite cyclic (i.e. Burau) covering spaces: Riemann surfaces
equivariant with respect to canonical actions of the deck-transformation
group Z. Note that if φ ∈ C({z}, {z′}) and φ′ ∈ C({z′}, {z′}), then
B(φ′) ◦B(φ) = B(φ′ ◦ φ)
as maps equivariant with respect to the deck-transformation action.
Since all homology groups in this paper have coefficients in Z, from now on
we will omit this from our notation.
5.2.2 Similarly, the folding map sn : C+ ∨ C+ → C+ (which sends z in the
first C+ of the domain to z, and z
′ in the second C+ to n + z
′) defines a
commutative diagram
C+ ∨ C+

sn // C+

C{n} ∨ C{m}
s˜n // C{n+m}
of base-pointed spaces (with the vertical maps defined as collapses, as in
§5.2.1). If
V {z} := B{z}/c−1(+)
then the commutative diagram
pi1(C{n} ∨ C{m},+) ∼= Fn ∗ Fm

pi(sn)
// pi1(C{n+m},+) ∼= Fn+m

H1(C{n} ∨ C{m}) ∼= Z
n ⊕ Zm
tr

H(sn)
// H1(C{n+m}) ∼= Z
n+m
tr′

Z
= // Z
defines a lift to a map of covering spaces, from B{n} ∪c−1(+) B{m} over
C{n} ∨ C{m} to B{n+m} over C{n+m}, as well as maps
V {n} ∨ V {m} → V {n+m} ,
equivariant with respect to the deck-transformation action. We have short
exact sequences
0→ H1(B{n})→ H1(B{n}, c
−1(+))→ H0(c
−1(+)) ∼= Λ→ 0
by Eilenberg - Steenrod, and isomorphisms
0 = H1(B{n}∩B{m}, c
−1(+))→ H1(B{n}, c
−1(+))⊕H1(B{m}, c
−1(+)) =
H1(V {n})⊕H1(V {m}) ∼= H1(V {n+m}) = H1(B{n +m}, c
−1(+))→ 0
of (unreduced [9]) Burau modules, free of rank n + m over Λ, by Mayer-
Vietoris. The groups H1(B{n}) define the reduced Burau representation β˜.

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5.3.1 A commutative ring A has a symmetric monoidal Picard groupoid
Pic(A), with rank one projective A-modules L,L′, . . . as objects and A-
module isomorphisms as maps, with composition given by L,L′ 7→ L⊗A L;
if for example A = Z[q.q−1] = Λ, then Pic(Λ) is equivalent to the group
Λ× = {(±q)k | k ∈ Z}
of units of Λ. The Burau representation defines a functor
C→ Pic(Λ)
sending {z} ∈ Cn to the nth exterior power detH1(V {z}), and the homotopy
equivalences of §1.3 identify the homomorphism
w : pi1(|Cβ˜n|)
∼= pi1(|Cn|) ∼= Bn → Λ
×
on the fundamental groups of geometric realizations as the determinant
Bn ∋ b 7→ det βn(b) = (−q)
w(b) ∈ Λ×
of the classical Burau representation.
Corollary: These constructions define a monoidal categorification
(CBV, ◦) //
β◦pi0

(Top∗,∨)
detH1

(free Λ−Mod)
det // Pic(Λ)
of the Burau representation, and the writhe, as generalized topological quan-
tum field theories.
5.3.2 The fiber of the functor w defines a monoidal category SCBV of fi-
nite subsets of C, with diffeomorphisms of writhe zero as morphisms, and
geometric realization homotopy equivalent to |SB|.
Defining the writhe of a framed oriented tangle geometrically (in terms of
overcrossings and undercrossings) extends to define a commutative diagram
B
w

// TOF
w

[N//Z]
⊂
// [±N//Z]
of monoidal functors (with the bottom inclusion defined as in §1.3): the
construction is straightforwardly invariant under Brundan’s Reidemeister-
like moves FRI, RII, and RIII (as well as under planar isotopy), and
seems closely related to Bigelow’s constructions in [7 §5], expressed there in
terms of ‘turning numbers’ of closed loops. Restricting to the fiber categories
defines a monoidal functor SB→ STOF extending the construction in §3.3.
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5.4.1 V Jones’ equation [7.4 of [31]]
∇(b∗) = (−q−1/2)w(b)−n+1 ·
1− q
1− qn
· (1− β˜(b)) ∈ Λ˜ ,
where b∗ is the braid closure of b ∈ Bn, ∇ is Conway’s normalized Alexander
polynomial of a link, and
Λ˜ = Z[q1/2, q−1/2] ⊃ Λ
is a ring with involution q1/2 7→ −q−1/2, provides some evidence for inter-
preting the writhe of a braid as a generalization of the sign of a permutation.
Since β˜ is defined by splitting off the one-dimensional subspace where β has
eigenvalue 1, det β˜ = detβ = (−q)w; and since we can write the Gaussian
combinatorial number [n](q) as
qn/2 − q−n/2
q1/2 − q−1/2
= q−(n−1)/2 ·
1− qn
1− q
,
we have
det(β˜(b)− 1) = (−1)n−1(−q−1/2)n−1−w(b) · q(n−1)/2 · [n](q)∇(b∗)
= (−1)w(b)/2(−q)w(b)/2 · [n](q)∇(b∗) ,
or, alternately,
[n](q)∇(b∗) = (−1)w(b)/2(det β˜(b))−1/2 · det(β˜(b)− 1) .
If b ∈ Pn is a pure braid,
β˜(b) ∈ qρ(1+ qMn−1(Z[q]))
for some ρ ∈ Z, since the Burau representation reduces to the regular rep-
resentation as q → 1. If we write t = 1− q, then the completion
Z[q, q−1]→ Z[[t]]
(i.e. q−1 7→ (1 − t)−1 =
∑
k≥0 t
k) sends β˜(q) to a representative in 1 +
tMn−1(Z[[t]]), and the formal binomial expansion
(1 + x)1/2 =
∑
k≥0
(
1/2
k
)
xk ,
(
1/2
k
)
=
(−1)k−1
2k−1k
(
2(k − 1)
k − 1
)
∈ Q
defines
β˜(b)1/2 =
∑
k≥0
(
1/2
k
)
(β˜(b)− 1)k
satisfying
(β˜(b)1/2)2 = β˜(b) ∈Mn−1(Z[q, q
−1]) ⊂Mn−1(Q[[t]]) .
Corollary If b ∈ Pn is pure, then
[n](q)∇(b∗) = (−1)w(b)/2 det(β˜(b)1/2 − β˜(b)−1/2)
(with w(b) even, since b is pure).
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Remark Salter [44] has shown, extending work of Squiers [49], that the
reduced Burau representation is unitary, in a reasonable sense. Presumably
these structures are related to ribbon category duality.
5.4.2 Group completing the representation
β :
∐
n≥0
[∗//Bn]→
∐
n≥0
[∗//Gln(Λ)]
suggests consideration of diagrams of the form
BSl+(F1[q, q
−1])
?
tt
?
**
Ω2S3〈3〉
α˜(h)

β∗
// BGl+(Z[q, q−1])
≃

BSl1(S
0
pˆ) ≃ Ω
∞LK(1)S
0 // BGl+(Z)×B2Gl+(Z) ,
where the right vertical equivalence is the consequence of a fundamental
theorem of algebraic K-theory [52 Ch V], and the left vertical arrow defined
by Hopkins’ parameter h = exp(2p/p−1) ∈ pi1BGl1(S
0
pˆ) (with p
−1(h−1) ≡ 2
mod p, cf. [5 §3.1, 42]). The map across the bottom is the composition of
Rezk’s logarithm for K-theory with the Harris-Segal inclusion 529 VI §2.1.3]
of the image of J into the algebraic K-theory of Z, defining an interesting
diagram
pii+2(S
3)
α˜(h)∗

β∗
// Ki(Z)⊕Ki−1(Z)
0⊕1p

piSi−1 ⊃ Jp,i−1
// Ki−1(Z)p
of homotopy groups (which we do not claim to be commutative), which we
would like to understand better. Note that pii+2S
3 has exponent p at odd
primes [21]; for example we have
pi6(S
3) = Z12 → pi
S
3 = Z24 → 0⊕ Z48
pi10(S
3) = Z15 → pi
S
7 = Z240 → 0?⊕ Z240
pi14(S
3) = Z22 ⊕ Z84 → pi
S
11 = Z504 → 0?⊕ Z1008
(with thanks to L Hesselholt for correcting (among other things) our arith-
metic).
Borger [12] has proposed a model for F1-algebras as coalgebras over the λ-
ring comonad, which seems very close to the homotopy category of K-local
spaces in the sense of Bousfield [11]. Note that in modern terms [6]
lim
q→1
K(Fq) ∼ LKS
0 ;
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small K-local spaces can be modelled by the topological Andre´-Quillen co-
homology of commutative LKS
0-algebras.
§VI A memorable fancy . . .
6.1 . . . suggests thinking of braids versus mapping-classes as an example
of what physicists call a ‘duality’ between essentially equivalent categories,
with a Copenhagen interpretation of braids or tangles as something like
particle trajectories, and diffeomorphisms of the plane as non-local, wave-
like phenomena. More picturesquely, we might think of the objects of SB
as collections of particles moving in the plane (as opposed to R3) whose
paths cross without interference, but subject to conservation of a collective
charge related to the phase of the discriminant, which forbids kinks, i.e. type
I Reidemeister moves.
In this context, the remarkable geometry of the Burau spaces seems worth
noting. The V {n}s can plausibly be described as planar Riemann surfaces
of infinite genus with punctures, in which points can tunnel off at infinity
from one sheet to another. Similarly, B{1} is the simply-connected space
defined by a countable family of two-spheres glued together end-to-end like
a string of pearls.
6.2 The Wess-Zumino-Witten models of string theory may allow us to be
more precise. A classic theorem of Bott says that if G is a simple compact
simply-connected Lie group, then pi3(G) is infinite cyclic, and its Killing
inner product defines a 3-form
γ(x, y, z) = 〈x, [y, z]〉
on its Lie algebra, representing a de Rham class underlying the Kronecker
dual
[γ : G→ H(Z, 3)] ∈ H3(G,Z)
to the Hurewicz image of a generator [2]. If G = SU(2) = S3 then the
homotopy fiber of γ can be identified with a central extension
CP∞֌ String(1)։ SU(2)
of H-spaces, constructed [41] by delooping a level one projective represen-
tation
ΩSU(2)→ PGl(H) (≃ CP∞)
defined for the loop group LSU(2).
A WZW model for G is defined on a space of smooth maps
{g : C+ → G} = Ω
2G
by a Lagrangian function with a quadratic (kinetic, Gaussian) term de-
fined by the Killing form applied to g−1dg, and a cubic term coming from
γ(g−1dg); but if G were String(1), γ would be trivialized. This suggests that
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a free-particle Lagrangian defined by a Gaussian/Haar measure on Ω2S3〈3〉
might define a reasonable physical field theory modelling SC.
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